Abstract. A well-known open problem is to show that the cubic form x 3 + y 3 + 2z 3 represents all integers. An obvious variant of this problem is whether every integer can be primitively represented by x 3 + y 3 + 2z 3 . In other words, given an integer n, are there coprime integers x, y, z such that x 3 + y 3 + 2z 3 = n? In this note we answer this variant question negatively. Indeed, we use cubic reciprocity to show that for every integral solution to x 3 + y 3 + 2z 3 = 8 m , the unknowns x, y, z are divisible by 2 m .
Guy [2, Problem D5] asks if every number is the sum of four cubes with two of them equal. In other words, can every integer be represented by the cubic form x 3 + y 3 + 2z 3 . Guy notes that this has been shown to be the case for all positive integers < 1000 except for 148, 671, 788 which are still open.
An obvious variant of this problem is whether every integer can be primitively represented by x 3 + y 3 + 2z 3 . In other words, given an integer n, are there coprime integers x, y, z such that x 3 + y 3 + 2z 3 = n? In this note we answer this question negatively, as the following theorem shows. The proof, given in Section 2, uses cubic reciprocity. The use of cubic reciprocity is inspired by Cassels' [1] where he shows that any integral solution to x 3 +y 3 +z 3 = 3 satisfies x ≡ y ≡ z (mod 9). We summarize what we need from cubic reciprocity in Section 1.
Cubic Reciprocity
Good references for cubic reciprocity are [3, Chapter 9] and [4, Chapter 7] . We work over the Eisenstein ring
Recall that E is a unique factorisation domain. The prime 2 is inert in E while 3 ramifies in E as 3E = (1 − ) 2 E. We use · · to denote the cubic residue symbol which takes values in the cube roots of unity P = {1, , 2 }. One way of defining the cubic residue symbol is as follows: let α, π be coprime elements of E with π prime, and suppose π 3. Clearly for some unique ∈ P, where N π is the norm of π. We define α π to be this unique . If π and π are associates (that is the same up to units) then clearly α π = α π .
If α, β are coprime elements of E, with (1 − ) β then we define
where β = π 1 . . . π n is a prime factorisation of β; replacing one prime factorisation by another only changes the order and the values of the primes up to units and so does not affect the definition. If α ≡ α (mod β) then
Moreover, it is easy to see that,
The only non-elementary fact we need is Eisenstein's Cubic Reciprocity Law.
Theorem (Eisenstein's Cubic Reciprocity Law). Suppose α ∈ E and a ∈ Z are coprime and are both ≡ ±1 (mod 3).
The second part of the theorem is often called the 'supplement to the law of cubic reciprocity'. For a proof see [4, pages 213-214].
Proof of Theorem 1
The proof is by induction on m. If one of x, y is even then all three unknowns x, y, z are even and we reduce to the case where m is replaced by m − 1. Thus suppose that x and y are odd and it is sufficient to derive a contradiction.
Note that if a is an integer then a 3 ≡ 0, 1, −1 (mod 9). Considering (1) modulo 9 we see that either x 3 ≡ ±1 (mod 9) and y 3 ≡ 0 (mod 9) or the other way round. We swap x and y if necessary so that these two congruences hold. Then (2) x ≡ ±1 (mod 3), and y ≡ 0 (mod 3).
From (1) we see that 2z 3 ≡ 8 m (mod x + y ).
Since x, y are odd, x + y ≡ 1 + (mod 2). Moreover, x + y and 2z 3 are coprime. It follows that 2 x + y = 2z 
